Algorithms for solving the Navier-Stokes equations on a three-dimensional tetrahedral grid by the discontinuous Galerkin method were realized. Under the code development a new approach to programming problems of mathematical physics was used which allows one compactly write and effectively implement mathematical expressions in particular due to introduction of the concept of «grid operator» similar to mathematical one and uniformly realize algorithms for various grid types and computing architectures. The efficiency of this numerical code is investigated.
1.
Structure of the program code DG3D. Let's consider the three-dimensional NavierStokes equation, written in a strong conservative form and supplemented by suitable initial-boundary conditions.
( ) We assume that the liquid obeys arbitrary equations of state.
To apply the discontinuous Galerkin method, we cover the region Ω , on which the solution is sought by the tetrahedral grid h T . On each element j T the approximate solution of the system of equations (1) will be sought in the form of polynomials ( ) P x of degree p with time-dependent coefficients. In this paper, the Taylor basis is used as the basis functions.
As is customary in solving second-order equations by discontinuous Galerkin method, in this paper the Navier-Stokes equations are written in the form of a system of equations of the first order and the solution occurs in two stages [1, 7] . At the first stage, the components of the viscous stress tensor are computed, and the components of the temperature gradient vector, the approximation of which, like the approximation of the solution, within the grid cell is in the form of polynomials of degree p with time-dependent coefficients, the components of the vector of conservative variables are determined in the next step.
When solving this system, it is necessary to correctly determine the flow functions calculated at the element boundary. Inviscid flows can be calculated using various versions of the exact or approximate solution of the Riemann problem. In the developed software package, a library of software implementations of these approximations has been created [8] [9] [10] . At the moment, various discrete approximations are used for both viscous [7, 11, 12] and non-viscous flow terms.
To ensure the monotonicity of the solution obtained by the DGM, it is necessary to introduce so-called slope limiters, or limiters, in particular for cases when the solution contains strong discontinuities. In this paper we use the classical Cockburn limiter [1, [13] [14] [15] , which is reliable in the work and is easily realized in the three-dimensional case on grids of arbitrary structure.
When creating a software package that implements the discontinuous Galerkin method on unstructured tetrahedral grids [16], a fundamentally new approach to programming problems of mathematical physics was used, which allows one to compactly write and effectively implement mathematical formulas, in particular, by introducing the notion of "grid operator" uniformly implement the approach on different types of grids and for various computing architectures. The gridoperator approach to programming is implemented as a class library for the C ++ language. The main tool of the C ++ language used in implementing this approach is template metaprogramming. This
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150 tool implements a problem-oriented language (DSL) for manipulating grid functions. With the help of this language, grid expressions of any complexity can be built from grid functions, which can include arithmetic operations with brackets, as well as the application of grid operators to grid expressions. These grid expressions can be assigned to grid functions, and the calculations themselves in accordance with the given expression are started only at the moment of assignment. Prior to this, the chain of calculations is only remembered. The concept of so-called «deferred» calculations is realized. This allows, in particular, to get rid of additional arrays for storing intermediate results.
To implement the grid-operator approach to programming, in the IMM. M.V. Keldysh RAS, a gridmath library was created. This library implements grids, grid functions, grid calculators, arithmetic of calculated objects and grid operators, parallelization of calculations on shared memory using OpenMP or CUDA.
2.
Analysis of the efficiency of the program code. According to Amdahl's law, the acceleration in the parallelization of computations by p processes is limited by a fraction of α from the volume of computations, which can be obtained only by consecutive calculations. The proportion of computations that can be paralleled ideally is in this case 1 -α and can be accelerated by a factor of p. Then the acceleration that can be obtained on a computer system from p processes, in comparison with a single process solution, will not exceed the value
If the number α is small, then approximately
It follows from this formula that an ideal acceleration (in p times) can be obtained only if the fraction of successive calculations is zero. And, for example, if the proportion of consecutive calculations is half, for any number of processes, the acceleration can not be more than two. Thus, as p increases, the acceleration asymptotically approaches the number 1 / α.
In well-scalable programs, the number α is determined, first of all, by the exchange of boundaries between processes and depends on the ratio of the number of boundary cells to the total number of grid cells, but it is difficult to calculate in advance. But with a ready-made configuration of grid distribution by processes, it can be experimentally evaluated. If acceleration is known on p processes, then the number α can be estimated as ( )
Or, approximately, for 1 p ≫ .
After that, knowing α, we can estimate the acceleration for the other p, and, most importantly, understand to what extent this task is scalable and on what number of processes it makes sense to run it. Consider an additional acceleration when the number of processes is doubled (we use the approximate formula): To estimate the effectiveness of the software complex, we consider the solution of the problem of flow past a rigid body by discontinuous Galerkin method on an irregular grid containing 3 × 10 6 cells.
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Calculations were performed on K-100 and K-60 clusters. The K-100 cluster consists of 64 computational nodes, each node contains 2 Intel Xeon X5670 CPUs with 6 cores per processor, only 12 cores and 96 GB of RAM, and 3 nVidia Fermi C2050 graphics cards with 2.8 GB of operational memory on each. The cluster K-60 consists of 66 computational nodes. Each node is a dual-processor Intel Xeon E5-2690 v4 server with 256GB of RAM. The results of calculations on the K-60 cluster are given in Table 1 , on the K-100 cluster in Table 2 , p -the number of processes, t -the time in seconds, Sp = acceleration, Ep = Sp100 / p-efficiency, α -the fraction of consecutive calculations . 
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In Table. 1 in the first series of calculations marked with the digit "1" took into account the total execution time of the program from the moment of initialization and recording the calculation results in a file. Since the results are written to a single file sequentially from all processes, the efficiency drops to 8%. This is not quite a correct estimate of the effectiveness of the program, since the actual estimated time is several orders of magnitude higher, and the time of writing to the file remains the same. Evaluation of the effectiveness of the directly calculated part of the program is given in the second part of Table. 1. The most reliable figures for assessing effectiveness are in the 90% area. The further growth of Ep can be explained by the acceleration of computations occurring in fast memory, as well as by fast exchanges.
Consider computing on graphics accelerators using CUDA. The results of the calculation are given in Table. 2 in the second part and denoted by the number «2». Despite the decrease in efficiency with the growth in the number of processes with respect to calculations performed using the MPI and OpenMP libraries, the computational speed on graphics accelerators exceeds the program execution speed by 15 or more times without the use of CUDA. In addition, these calculations allow to optimally choose the configuration for calculating a specific task. In this case, with 12 p = and above 0, 02 a ≈ . This gives the maximum reasonable 2 / 100 p a = = . On a relatively good scale, you can expect about to 128 p = .
Thus, after conducting a series of calculations on a small number of processes, you can evaluate the dynamics of the scalability of the calculation and choose the optimal configuration for launching the software package.
The study of thermoelasticity problems, taking into account the interaction of deformation and temperature fields, began with [1] [2] [3] . This line of research was called the coupled thermoelasticity.
Generalization and solution of particular problems of the new direction of research was continued in [3] [4] [5] . In subsequent years, both analytical, starting with [4, 5] , and numerical methods [6] were developed to solve problems of coupled thermoelasticity. In the latter paper the authors were one of the first who developed a scheme of application of the finite element method and gave its implementation for solving the coupled problems of thermoelasticity. Analysis shows that in the overwhelming majority of studies in the solution of coupled thermoelasticity problems the finite element models of a fairly general purpose were developed, for example [7] [8] [9] [10] [11] .The analytical methods for solving this class of problems did not become as widespread as the numerical ones. The results obtained with their help were summarized in [12] . Beginning with papers [13] [14] [15] [16] [17] [18] , scientists consider uncoupled problems of thermoelasticity about the sliding contact of a rigid body with an elastic coating, taking into account friction, heating of the coating from friction, and abrasive wear.
Because of the large number of parameters of the problem, the one-dimensional and quasi-static problems were considered. In [15] [16] [17] [18] 
